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1.- INTRODUCTION 

It is well known that linearized Einstein gravitational theory in four dimensions is similar 
to the source free Maxwell theory. Since S-duality has been successfully applied to Abelian 
gauge theories and non- Abelian gauge theories [1-10] as well as gravity [11-15], it seems 
natural to ask whether similar methods may be applied to linearized gravity. However, 
while in the Abelian case there is an exact strong-weak duality, Yang-Mills and gravity do 
not possess such a symmetry. 

In this work, we show that in spite of gravity, in general, does not possess an exact 
strong- weak symmetry linearized gravity does. In fact, we derive a S-dual action for lin- 
earized gravity which is connected to the original linearized gravitational action by strong- 
weak duality transformation. Our strategy essentially consists in two steps; first in writing 
linearized gravity as Abelian gauge theory and second taking recourse of the Macdowell- 
Mansouri formalism. 

Just as U{1) duality has been very important to explore S-duality in larger theories such 
as A^ = 2 super Yang-Mills theory with gauge group SU{2) [16-17], one should expect that 
linearized gravitational duality may also be an important tool for investigating S-duality 
analogue of other theories such as A^ = 1 supergravity in four dimensions. 

The plan of this work is as follows: In section II, we show that it is possible to see lin- 
earized gravity as an Abelian gauge theory. In section III, we briefly review the Macdowell- 
Mansouri theory and propose an action for linearized gravity in the context of such a theory. 
In section IV, we generalize our proposed action to include self-dual and anti-self-dual lin- 
earized gravity and we compute the partition function of such a generalized action. Finally, 
in section V, we make some final comments. 



2.- LINEARIZED GRAVITY AS A GAUGE THEORY 

The starting point in linearized gravity is to write the metric of the space-time ^r^j, = 

9^lu = Vtiv + h^u, (1) 

where /i^j, is a small deviation of the metric g^j^y from the Minkowski metric 

{.r]^,y) = diag{-l, 1,1, 1). 
The first-order curvature tensor is 

F^vai3 = -^{diidahufi — d^dph^a — dydahf^p + d^d^h^a), (2) 

which is invariant under the gauge transformation 

Shf,u = d^^u + d„^^, (3) 

Here, ^^ is an arbitrary vector field and d^ = -^. 

It is not difficult to see that F^^aii satisfies the following relations: 

F^uaP + Ffifiua + Ffj^afiu = 0, (4j 

dxF^i^a/S + dfj_Fi,Xal3 + di,Fxfj,aP = 0. 

It is interesting to note that the dual *F^^a/3 = ^^f^uraF^'^, where e^^a/3 is a completely 
antisymmetric Levi-Civita tensor with eoi23 = — 1 and the indices are raised and lowered by 
means of 1]°"^ and rja/B, does not satisfy the relations (4) unless the vacuum Einstein equations 
F^u = i^;„. = are satisfied [18]. 
Let us introduce the 'gauge' field 



Afiaf3 — -^idah^^ — dph^a)- (5) 

Note that A^^p = —A^^a- Using (3), we find that A^q/3 transforms as 

SAf^afs = d^Xap, (6) 

where Kp = daip - d^^a- 

The expression (5) allows to write the curvature tensor F"f as 

F;/^ = d,Af - d^Af. (7) 

Thus, we have shown that the tensor F"f may be written in the typical form of an abelian 
Maxwell field strength F" = d^A^ — dyA't-, where the index a runs over some abelian group 
such as U{1) X ^(1) X ... x U{\). Note that F"jf is invariant under the transformation 
5A°f = d^X°'^ which has exactly the same form as the transformation of Abelian gauge 
fields SA'f^ = d^X"', where A" is an arbitrary function of the coordinates x'^. 

3.- LINEARIZED GRAVITY a la MACDOWELL-MANSOURI 

The central idea in the Macdowell-Mansouri theory [19-20] (see also Refs. [21-31]) is 
to represent the gravitational field as a connection one-form associated to some group that 
contains the Lorentz group as a subgroup. The typical example is provided by the SO (3,2) 
anti-de Sitter gauge theory of gravity. In this case the SO (3,2) gravitational gauge field 
u^^ = — uj^"^ is broken into the S0(3,l) connection uj"^ and the ujf^ = e" vierbein field. 
Thus, the anti-de Sitter curvature 

TpAB _ f) , ,AB f) , ,AB , AC, , B AC, , B /n\ 



leads to 



K^ = Rfu + K (9) 



and 



Ku = d,< - duel + <e,, - ^^e^,, (10) 



where 



< = d.ut' - d^uf + <c.,, ' - a.>,, ' (11) 



is the SO (3,1) curvature and 



K = ^>l - «■ (12) 



It turns out that T^^ = 7^^" can be identified with the torsion. 
The Macdowell-Mansouri's action is 

S = y d^xe^'^-^nf^n^^ea,,,, (13) 

where e'^'^"'^ is the completely antisymmetric tensor associated to the space-time, with e"^^^ = 
1 and eoi23 = 1, while eabcd is also the completely antisymmetric tensor but now associated 
to the internal group S(3,l), with eoi23 = —1- We assume that the internal metric is given 
by iVab) = (—1) Ij 1) !)• Therefore, we have e"^^^ = 1. It is well known that, using (9), (11) 
and (12), the action (13) leads to three terms; the Hilbert Einstein action, the cosmological 
constant term and the Euler topological invariant (or Gauss-Bonnet term). It is worth 
mentioning that the action (13) may also be obtained using Lovelock theory (see [32] and 
references there in). 

Let us now apply the Macdowell-Mansouri formalism to linearized gravity as developed 
in section 2. 

First, consider the extended curvature 



where 

^fu = s'^.K - s^,K - s:h^, + sx- (15) 



The central idea is to consider the extended curvature (14) as the analogue of the curvature 
(9) of the Macdowell-Mansouri formalism. Thus, we may identify F"f and fi"^ with the 
linearized versions of i?"^ and S'^^, respectively. In fact, if we write e" = fe" + /", where 6" 
corresponds to the flat metric ?]^;y and /" is a small deviation of e" , we find h^j^^, = hH^^-qab + 
K^^^^Tlah and therefore using (5) we get A^^^p = uj^api^D+d^fap- Here, u^apill) = baahpi^fill) 
and fai3 = baal-% — ba/sla- (^^ i^ important to note that a;"^(/^) can be obtained by setting the 
torsion (10), for weak gravity, equal to zero.) Thus, up to a gauge transformation A^ais is 
equal to the linearized connection a;^^(/^). The essential difference between u'^^i^ly) and the 
full connection cj"^ is that the latter is associated to the Lorentz group while the former to 
an abelian group. This can easily be seen from the transformation SA"^ = d^X°'^ of the 
gauge field A^^, since in general a gauge field A transforms as 6A = d\ + [A, A]. 
Let us now propose the action 

S=\jd'xe^^-^T;^T:j^e^,^,. (16) 

We shall show that this action is reduced to Einstein linearized gravitational action (Fierz- 
Pauli action ) with cosmological constant and a total derivative ('topological' term). Sub- 
stituting (14) into (16) yields 



Using (15) we find that (17) is reduced to 

S = \j d^xe'^^^^F^^F^'^e^x.p + 2 / d^xe'^'^-'^SlhtF^'^erXap 



(17) 



(18) 



+AJd'xe>^'^^PS;ht5-,h'^e^x^,. 

Since e^"'°''^6j^er\ap = -^Tfp and e^'"^^5],^l,^T\up = -'^^xp, where in general (5:^^°^ is a gener- 
alized delta, we discover that (18) can be written as 



(19) 

Here, we used the following definitions: F^j, = T]°'^F^aui3,F = 'r]'^'^r]°'^F^aui3 and h = 'q'^'^h^i,. 
We recognize the second term and the third term in (19) as the Einstein action for linearized 
gravity with cosmological constant, while the first term is a total derivative (an Euler topo- 
logical invariant or Gauss-Bonnet term). Note that the usual cosmological factor A in the 
third term can be derived simply by changing Q -^ a'^Q, where a is a constant, and rescaling 
the total action S -^ jA^^S, with A = a^. 

4.- S-DUALITY FOR LINEARIZED GRAVITY 

In order to develope a S-dual linearized gravitational action we generalize the action (16) 
as follows; 

S = \{r^) J d'xe^''-^^:F;t^K$^r,^, 'l^^'^J ^'^^"^"""•^.^'"•^^^'^-A.p, (20) 

where r"*" and r~ are two different constant parameters and ^J^'j^^ is given by 



^•^,f = U^Mf,:Fit. (21) 



where 



^Mf,=\{5f,Tte''\,). (22) 

It turns out that "^J^^^ is self-dual, while ~J^'^^ is anti self-dual curvature. Therefore, the 
action (20) describes self-dual and anti-self-dual linearized gravity. 

We may now follow a similar procedure as in the references [5-8] for Abelian Yang-Mills 
and [11, 14, 15] for gravity. Here, however, in order to show the exactness of S-duality 
symmetry in linearized gravity, it turns out to be more convenient to follow the procedure 
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of reference [1] due to Witten. For this purpose let us first introduce a two form G and let 
us set 

Kt = ^^t - Gt- (23) 

We assume that G"^ satisfies the same symmetric properties as F°[^ ^ given in (4), namely 

^fiualS ^^ufia ^j^/iQ/3 ^a/Sfiui 

(24) 

Now, consider the extended action 

Se = lir^) I dx^e'^'^-^+nit'-nZerX., - i(r-) / dx^e'^^'^^-nf;t~nZerX., 

(25) 

where W^y^id = (5^Ka/3 — dyV^ai3 is the dual field strength satisfying the Dirac quatization 
law 

fw e27rZ. (26) 

It is not difficult to see that, beyond the gauge invariance A -^ A — dX, G ^ G, the partition 
function 

Z= f d+Gd-GdAdhdVe-^^ (27) 

is invariant under 

A^ A + B andG^G + dB, (28) 

where S"^ is an arbitrary one form. 

Starting from (25) one can proceed in two different ways. For the first possibility, we 
note that the path integral that involves V is 

j DVeM\j d'xe^^'^'^+W^I^^GZ^^p^P - ^J d^xe^-^^'-W^tOVx^a^.,)- (29) 



Integrating over the dual connection V, we get a delta function setting dG = 0. Thus, using 
the gauge invariance (28), we may gauge G to zero, reducing (25) to the original action (20). 
Therefore, the actions (25) and (20) are, in fact, classically equivalents. 

For the second possibility, we note that the gauge invariance (28) enables one to fix a 
gauge with A = 0. (It is important to note that, at this stage, we are considering A^a/s and 
hfj_ij as independent fields in the sense of Palatini.) The action (25) is then reduced to 



(30) 



where 



s;' ^ ^2 - Gil (31) 

In virtue of (31) the extended action (30) becomes 

Se = i(r+) / dx^e^-^'^P^Glt^Gl'^e,,^, - 1{t') J dx^e^^^P-GH'Gl'pe,^,, 



-i(r-t-) / dx^e^^'^P+nil^GZe^,^, + \{r') J dx^e^^-P^nH^GZerx.p 



(32) 



+i(r+) / dx^e^^-P+nil+ni^^e^^^, - \{r-) J dx^e^^^^-nil-ni^^e^^^, 

Before integrating h^^^ let us consider the identity 

±M;,"±M:^e.A.p = ±4z^M^,,^ (33) 

which can be obtained from the definition (22). Here, ^M^j.^^ =^ MJ^^rjarVisx- Using this 
identity and the definition (15) for fi^^ we obtain 

-l(r+) / d^xe^^-f^^Q^t^GZe^,^, + \{r-) J d'xe^^^^-^J^^-Gl^e^^^, 

(34) 

= \ I d^xe^'^'^PQltB^^e^,^, 



and 

(35) 

where 

BZ = -{ir^VGZ-{r-rGZ} (36) 

and 

6 = ^(r+-r-). (37) 

Using (34)- (37) we learn that the action (32) can be written as 

+ 1 / d'xe^^'^f'QltBZ^rX.p + I / d'xe'^^'^f^Qlt^Z'^x.p (38) 

+1 ; d'^.^urX^w-^p+G^ie^p^, - \ J d'xe>^^^>^-W^tG7x^o.p.p- 

We note that the third and fourth term in (38) have exactly the same form as the second 
and third term of (17). Therefore, using the definition (15) for VTJ^ and making similar 
calculations for obtaining (19) we get 

Se = lir^) I dx^e^'^-^+Glt^GZe^,^, - i(r-) / dx'e^'^-^-Glt'GZe^,^, 

+8 / d^xh^^iBf,^ - lr]f,^B) - 8b J d^x{h^ - /i^^ V) (^9) 

+1 / d'xe^'^^'+W;^,P^GZeapap - \ I d'xe^^^^'W^tG7x^o.p.p. 

where B^^ = 'q^^B^auis, and B = ri^'^B^y. Note that b plays the role of a cosmological 
constant. 

We can now integrate out h^\ in the reduced partition function 
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Z= I d+Gd-GdhdVe~^^ , (40) 

with Se given by (39). We first get the relation 

B^u- ^VtiuB = 2h{T]^uh-h^u)- (41) 

Using this expression the action Se given in (39) becomes 

Se = i{r+) I d^xe^'^'^P+Glt+G'^^e^,^, - i(r-) / d^xe^'^^^-Glt-GZe^,^, 

+ lJd^x{lB^-B^^B,,) (42) 

Before we perform the integrals over '^G^^ and ~Gl^ we still need to rearrange the third 
integral of (42). For this purpose let us introduce the definition 

B^. = G,, - v,uG. (43) 

Note first that B = -3G. Therefore, we find iB^ - B^'^B^^ = G^ - G^"'G^^. We now use 
the identity 

- ^^"'''''S;tS:$e^,^, = {G' - G^'^G,^) , (44) 

where 

S'^^ = 5;G^. - ^IC: - bZGl + blGl (45) 

and we observe that according to (36) we can write S^^ = —{j^)+S^^ + (t^)_S'^/?, where 

+^^f = ^Txt - ^l^xZ - K^xl + €^xl (46) 

and 
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Here, ^xl = Gtt " l^^^Gt and C^, = -{t+)+x^u + {r-)-x^,u- But, due to the symmetry 
properties of C^^ given in (24) we discover that Xt^u =^ X^ny =~ Xt^u- So, Cf„y = -(r+ - 

r')x^u- 

Thus, we find that (42) can be written as 



Here, S^^ is defined as 



s^^ = 5;xt - ^IxZ - Kxl + €xl- (49) 

We are ready to perform the path integral of (48) with respect to ^G^^ (similarly for 
^GZfi)- We get the constraint 

{r^YG^i. ++ w^;' + \{T^y^''''^t^o.p,. = 0. (50) 

It is not difficult to see that (r+)+G';;^ ++ W^^ = and {r+yGl^ ++ W;^ = 0. Using these 
two expressions we find 



ir^^Glt ++ W;,' - e^^^PLf^e^^,, = 0, (51) 



where 

L^^ = 5^C^ - 5^C - 5:C', + '^.^C (52) 

with ±Ci? = W^it^" - l^u^^xa- Now, solving (51) for +Gl^ and substituting the result into 
(48) yields 

Se = K-^) / d'xe'^-^'^^^W^^'^W^l^er,^, - \{-^) J d^xe^^-P-W;^-W:$erx., 

(53) 

-\{-^) ! d'xe>^'^-P+\.l^+K',^r^.p + \{-^) ! d'xe>^'^-P-\.l^^K',^rX.p. 
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where we apply similar procedure for G^^ . But, this action can be obtained from the 
following action: 

Sd = l{-^)Id'xe^^'^^+Q;t^QZe^,^, - i(--L) jrf4^e^-/3-g.A-g^P,^^^^^ (54) 

where 

^Q;t=^w;^+^Kil (55) 

with 

^f. = 5^." - s',i: - s:^', + €ii- (56) 

Here, 7^,^ is an auxiliary field. In fact, by integrating out (54) with respect to 7^j, we get 
(53). The action (54) is, of course, the dual action. Note that the action (54) has the dual 
gauge invariance V ^ V — da and is of the general type (20) but with r ^ — ^, where r 
can be either r+ or r^ . Therefore, we have shown that the coupling transforms as r ^ — - 
when one changes from the action (20) to the action (54). It is interesting to note that 7^1/ 
plays the role of dual perturbation metric. 

5.-FINAL COMMENTS 

In this article, we have shown that it is possible to construct a S-dual action for linearized 
gravity. Our two main ideas were to rewrite linearized gravity as an Abelian gauge theory and 
to take recourse of Macdowell-Mansouri formalism. The analysis of S-duality for a linearized 
gravity then follows as in the case of Abelian gauge theories. An important step was the 
realization that the transformation (28) provides with enough symmetry to set A = 0. After 
some long computations we finally prove that the partition function for linearized gravity 
has the S-dual symmetry 

ZA,hir) = Zv,^{-\). (57) 
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where ZA,h{T) is the partition function associated to the action (20), while Zv,-y{~-) is the 
partition function associated to the action (54). 

It seems that the present work can be extended without essential complications to the 
case of linearized supergravity. As it is known, the weak field limit of supergravity in four 
dimensions reduces to the sum of the Fierz-Pauli and Rarita-Schwinger actions, which are 
the unique actions for spin 2 and 3/2 without ghost (see [31] and references there in). This 
means that we can write the partition function for linearized supergravity as a product of 
two partition functions: one corresponding to linearized gravity and the other correspond- 
ing to Rarita-Schwinger field. Taking recourse of self-dual and antiself-dual supergravity 
and considering separately self-dual-antiself-dual linearized gravity and self-dual-antiself- 
dual Rarita-Shwinger, one can find the linearized supergravity- S-dual symmetry . For lin- 
earized gravity one may proceed as in previous sections, while for Rarita-Schwinger field 
one may use the method developed in reference [11]. In this way, one should expect to get 
the S-dual linearized supergravity symmetry Zyi/j,^(r) = Zv,-y,<p(— ^), where i/j is the Rarita- 
Shwinger field and ip its dual. At present, we are investigating in detail this possibility and 
we expect to report our results in the near future. 

It is known that the S-duality gauge invariance is a matter of great interest in connection 
with M-theory [33-39] and supersymmetry [1,16,17] it may be interesting to see whether the 
present work can be useful in those directions. 

Finally, it is worth mentioning the physical meaning, as well as the possible relevance, 
of the strong coupling limit of linearized gravity. For this purpose, we first need to clarify 
the physical meaning of the coupling constants r+ and r^. Write the action (16) as 

S = -^J d'xe^^'^^:FltK'^e^x.,- (58) 

As was mentioned at the end of the section 3, A can be identified with the cosmological 
constant. Now, using (22) it is not difficult to see that the action (20) can be reduced to 
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Thus, if we consider the expressions 



1 

2^~ 4A 



we find that the action (59) can be written as 

^ I ,A ,i,,r^,R ,^^\ .^rrn ^^ 



If we now recall the case of gauge theory where r^ and r^ are defined as 

(62) 



r+ 


" 2vr + (?2 ' 


r" 


Q 47r 
27r g^' 



we see that the cosmological constant A is playing the role the gauge coupling constant g^ and 
that O is playing the role of a ^ constant. Just as in gauge theory the duality transformation 
r ^ — -, where r can be either r+ or r^, can be considered, in its simple form, as a duality 
of the gauge coupling constant g^ ^> \ ^m. the case of linearized gravity (according to (60)) 
the duality r — » — ^ can be considered as a duality of the cosmological constant A ^ ■^. 
This result seems to suggest a new mechanism to make small the cosmological constant, at 
least in linearized gravity (although similar conclusions must be possible in more general 
cases as in references [11]- [15]). In particular, the mechanism discussed in this work may 
be of physical interest in Kaluza-Klein theories where in the process called spontaneous 
compactifiction, normally, results a very large cosmological constant. 
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